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Abstract
We analyze the propagation of light in the context of nonlinear electrodynamics, as it occurs in
modified QED vacua. We show that the corresponding characteristic equation can be described in
terms of a modification of the effective geometry of the underlying spacetime structure. We present
the general form for this effective geometry and exhibit some new consequences that result from
such approach.
PACS numbers: 12.20.Ds, 11.10.Wx, 41.20.Jb
I. INTRODUCTION
A. Introductory remarks
Modifications of light propagation in different vacua
states has recently been a subject of interest. Such in-
vestigation shows that, under distinct non trivial vacua
(related to several circumstances such as temperature ef-
fects, particular boundary conditions, quantum polariza-
tion, etc), the motion of light can be viewed as elec-
tromagnetic waves propagating through a classical dis-
persive medium. The medium induces modifications on
the equations of motion, which are described in terms
of nonlinearities of the field. In order to apply such a
medium interpretation we consider modifications of elec-
trodynamics due to virtual pair creation. In this case the
effects can be simulated by an effective Lagrangian which
depends only on the two gauge invariants F and G of the
electromagnetic field [1,2].
One of the main achievements of such investigation
is the understanding that, in such nonlinear framework,
photons propagate along geodesics that are no more null
in the actual Minkowski spacetime but in another effec-
tive geometry. Although the basic understanding of this
fact — at least for the specific case of Born-Infeld elec-
trodynamics — has been known for a long time [3], it
has been scarcely noticed in the literature. Moreover, its
consequences were not exploited any further. In partic-
ular, we emphasize the general application and the cor-
responding consequences of the method of the effective
geometry outlined here.
The exam of the photon propagation beyond Maxwell
electrodynamics has a rather diversified history: it has
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been investigated in curved spacetime, as a consequence
of non-minimal coupling of electrodynamics with gravity
[4,5] and in nontrivial QED vacua, as an effective mod-
ification induced by quantum fluctuations [6,1,2]. As a
consequence of this examination some unexpected results
appear. Just to point one out, we mention the possibility
of faster-than-light photons1.
The general approach of all these theories is based on
a gauge invariant effective action, which takes into ac-
count modifications of Maxwell electrodynamics induced
by different sorts of processes. Such a procedure is in-
tended to deal with the quantum vacuum as if it were
a classical medium. Another important consequence of
such point of view is the possibility to interpret all such
vacua modifications — with respect to the photon prop-
agation — as an effective change of the spacetime metric
properties. This result allows one to appeal to an anal-
ogy with the electromagnetic wave propagation in curved
spacetime due to gravitational phenomena.
B. Synopsis
In this paper we deal with light propagation in non-
linear electrodynamics. The origin of such nonlinearity
is not unique. It can be a consequence of modified QED
vacua [7–9] or deal to nonlinear response of a dielectric
medium. There are different ways to evaluate the char-
acteristic surfaces of the wave propagation. However,
there seems to be no better and elegant manner than
the one proposed by Hadamard. We briefly review its
main lines in Section II. Firstly, we deal only with one-
1The meaning of such expression is that the wave discon-
tinuities propagate along spacelike characteristic surfaces in
the Minkowski background.
1
parameter Lagrangians, which means that those theo-
ries depend only upon the gauge invariant F . In the
subsequent section we generalize for the full dependence
upon the two algebraic invariants of electrodynamics. We
show an elegant property of such nonlinear theories: the
electromagnetic wave propagation can be described as
if the metric structure of the background were changed
from its Minkowskian value into another effective met-
ric, which depends on the dynamics of the background
electromagnetic field. Thus, this equivalence property
mimics the corresponding properties of the photon prop-
agation in gravitational fields. Indeed, as we will show
in Section III, photons described by nonlinear electrody-
namics propagate as null geodesics in an effective metric
that is distinct from the Minkowskian one. We show a
remarkable consequence of such interpretation: the pos-
sibility of generating a compact domain in which photons
are trapped by the nonlinear electromagnetic field. This
suggests the possibility that an analogy with a gravita-
tional black hole – which we should name electromag-
netic black hole – could exist. Besides, we show that one
can find a similar phenomenon inside a dielectric medium
that responds nonlinearly to an external stimulus. In Sec-
tion IV we analyze the light velocity dependence on the
scale anomaly of the field. We show that there is not a
deep interconnection between such scale anomaly and the
phenomenon of birefringence. Finally, we end with some
comments concerning the new effects that are to be ex-
pected for such nonlinear photons. Typical Riemannian
calculations are presented in appendix A, in which it is
shown that the standard geodesic assumption for pho-
tons also holds for the nonlinear case. Connections with
Rainich-Wheeler formalism [10] are also provided in ap-
pendix B.
C. Definitions and notations
We call the electromagnetic tensor Fµν , while its dual
∗
Fµν is
∗
Fαβ
.
=
1
2
ηαβ
µνFµν , (1)
where ηαβµν is the completely antisymmetric Levi-Civita
tensor; the Minkowski metric tensor is represented by its
standard form ηµν . The two invariants constructed with
these tensors are defined as
F
.
= Fµν Fµν , (2)
G
.
= Fµν
∗
Fµν . (3)
Once the modifications of the vacuum which will be
dealt here do not break the gauge invariance of the the-
ory, the general form of the modified Lagrangian for elec-
trodynamics may be written as a functional of the above
invariants, that is,
L = L(F, G).
We denote by LF and LG the derivatives of the La-
grangian L with respect to the invariant F and G, respec-
tively; and similarly for the higher order derivatives. We
are particularly interested in the derivation of the charac-
teristic surfaces which guide the propagation of the field
discontinuities.
Let Σ be a surface of discontinuity for the electromag-
netic field. Following Hadamard [11] we assume that the
field itself is continuous when crossing Σ, while its first
derivative presents a finite discontinuity. We accordingly
set
[Fµν ]Σ = 0, (4)
and
[∂λ Fµν ]Σ = fµνkλ, (5)
in which the symbol
[J ]Σ ≡ lim
δ→0+
(J |Σ+δ − J |Σ−δ)
represents the discontinuity of the arbitrary function J
through the surface Σ characterized by the equation
Σ(xµ) = constant. The tensor fµν is called the disconti-
nuity of the field, and
kλ = ∂λΣ (6)
is the propagation vector.
II. THE METHOD OF THE EFFECTIVE
GEOMETRY
A. One-parameter Lagrangians
Our generic purpose in this paper is to investigate the
effects of nonlinearities in the equation of evolution of
electromagnetic waves. We will restrict the analysis in
this section to the simple class of gauge invariant La-
grangians defined by
L = L(F ). (7)
From the least action principle we obtain the field equa-
tion
∂µ (LFF
µν) = 0. (8)
Applying conditions (4) and (5) for the discontinuity
of the field equation (8) through Σ we obtain
LF f
µν kν + 2LFF ξF
µνkν = 0, (9)
where ξ is defined by
2
ξ
.
= Fαβ fαβ . (10)
The consequence of such discontinuity in the cyclic iden-
tity is
fµνkλ + fνλkµ + fλµkν = 0. (11)
In order to obtain a scalar relation we contract this equa-
tion with kαη
αλFµν , resulting
ξkνkµη
µν + 2Fµνfν
λkλkµ = 0. (12)
Let us consider the case in which ξ does not vanish2.
From equations (9) and (12) we obtain the propagation
equation for the field discontinuities as given by
(LFη
µν − 4LFFFµαFαν) kµkν = 0. (13)
Expression (13) suggests that one can interpret the
self-interaction of the background field Fµν , in what con-
cerns the propagation of electromagnetic discontinuities
(5), as if it had induced a modification on the spacetime
metric ηµν , leading to the effective geometry
gµνeff = LF η
µν − 4LFF Fµα Fαν . (14)
A simple inspection of this equation shows that only
in the particular case of linear Maxwell electrodynamics
the discontinuity of the electromagnetic field propagates
along null paths in the Minkowski background.
The general expression of the effective geometry can be
equivalently written in terms of the vacuum expectation
value (VEV) of the energy-momentum tensor, given by
Tµν ≡ 2√−γ
δ Γ
δ γµν
, (15)
where Γ is the effective action
Γ
.
=
∫
d4x
√−γ L, (16)
and γµν is the Minkowski metric written in an arbitrary
coordinate system; γ is the corresponding determinant.
In the case of one-parameter Lagrangians, L = L(F ), we
obtain
Tµν = −4LF Fµα Fαν − Lηµν , (17)
2For the case in which ξ = 0, the quantity fµν is a singular
two-form. Following Lichnerowicz [12], it can be decomposed
in terms of the propagating vector kµ and a spacelike vector
aµ = a ǫµ orthogonal to kµ, in which ǫµ is the normalized po-
larization vector. Hence, we can write fµν = kµ aν − kν aµ on
Σ. From equation (9) it follows that fµνkν = 0, and contract-
ing (11) with ηλρkρ yields fµνη
αβkαkβ = 0. Therefore, such
modes propagate along standard null geodesics in Minkowski
spacetime.
where we have chosen an Euclidean coordinate system
in which γµν reduces to ηµν . In terms of this tensor the
effective geometry (14) can be re-written as3
gµν =
(
LF +
LLFF
LF
)
ηµν +
LFF
LF
T µν . (18)
We remark that, once the modified geometry along
which the photon propagates depends upon the energy-
momentum tensor distribution of the background elec-
tromagnetic field, it is tempting to search for an analogy
with the corresponding behavior of photons in a gravita-
tional field4. We will return to this question in Section
III.
Therefore, the field discontinuities propagate along null
geodesics5 in an effective geometry which depends on the
field energy distribution. Let us point out that, as it
is explicitly shown from the above equation, the stress-
energy distribution of the field is the true responsible for
the deviation of the geometry, as felt by photons, from
its Minkowskian form6.
In order to show (see Appendix A) that the photon
path is actually a geodesic curve, it is necessary to know
the inverse gµν of the effective metric gνλ, defined by
gµν gνλ = δ
µ
λ . (19)
This calculation is simplified if we take into account the
well known properties:
∗
Fµν F
νλ = − 1
4
Gδλµ, (20)
and
∗
Fµλ
∗
F
λν − Fµλ Fλν = 1
2
F δνµ. (21)
Thus the covariant form of the metric can be written
in the form:
gµν = a ηµν + b Tµν, (22)
in which a and b are given in terms of the Lagrangian
and its corresponding derivatives by:
a = − b
(
L2F
LFF
+ L+
1
2
T
)
, (23)
and
3For simplicity, we will denote the effective metric as gµν
instead of gµν
eff
from now on.
4Let us emphasize that it is no more than a simple analogy.
5The proof that such curve is in fact a geodesic line is given
in Appendix A.
6For Tµν = 0, the conformal modification in (18) clearly
leaves the photon paths unchanged.
3
b = 16
LFF
LF
[(
F 2 +G2
)
L2FF − 16 (LF + F LFF )2
]− 1
,
(24)
where T = Tαα is the trace of the energy-momentum ten-
sor.
B. Two parameter Lagrangians
In this section we will go one step further and deal with
the general case in which the effective action depends
upon both invariants, that is
L = L(F, G). (25)
The equations of motion are
∂ν
(
LFF
µν + LG
∗
F
µν
)
= 0. (26)
Our aim is to examine the propagation of the disconti-
nuities in such case. Following the same procedure as
presented in the previous section one gets
[LF f
µν + 2AFµν + 2B
∗
F
µν ] kν = 0, (27)
and contracting this expression with Fαµkα and with
∗
Fαµkα, respectively, yields
[
ξ LF +
1
2
BG
]
ηµν kµ kν − 2AF να Fαµkνkµ = 0 (28)
and[
ζ LF −B F + 1
2
AG
]
ηµν kµ kν − 2BF να Fαµkνkµ = 0.
(29)
In these expressions we have set
A
.
= 2 (ξ LFF + ζ LFG),
B
.
= 2 (ξ LFG + ζ LGG),
and ζ is defined by
ζ
.
=
∗
F
αβfαβ. (30)
In order to simplify our equations it is worth defining
the quantity Ω
.
= ζ/ξ. From equations (28) and (29) it
follows
Ω2Ω1 +ΩΩ2 +Ω3 = 0, (31)
with the quantities Ωi, i = 1, 2, 3 given by
Ω1 = −LFLFG + 2FLFGLGG
+G(L2GG − L2FG), (32)
Ω2 = (LF + 2GLFG)(LGG − LFF )
+2F (LFFLGG + L
2
FG), (33)
Ω3 = LFLFG + 2FLFFLFG
+G(L2FG − L2FF ). (34)
The quantity Ω has two solutions and is given by the
algebraic expression
Ω± =
−Ω2 ±
√
∆
2Ω1
, (35)
where
∆
.
= (Ω2)
2 − 4Ω1Ω3.
Thus, in the general case we are concerned here, the pho-
ton paths are kinematically described by
gµν
±
kµ kν = 0, (36)
where the effective metrics gµν± are given by
gµν
±
= LF η
µν − 4 [(LFF +Ω±LFG)FµλFλν
+(LFG +Ω±LGG)F
µ
λ
∗
F
λν
]
. (37)
When the Lagrangian does not depend on the invariant
G, expression (37) reduces to the form (14).
As we see, from equation (35), there will be two possi-
ble solutions for the paths of light, which are related to its
different modes of polarization, indicating that birrefrin-
gence phenomena could be described here, in a general
way, depending on the particular theory we shall con-
sider.
The tensor of discontinuities, given by equation (5),
can be decomposed as
fαβ = a (pαkβ − pβkα) (38)
where a in the strength of the wavelet and pα represents
the polarization vector, which is ortogonal to kµ and nor-
malized to unity:
pαkα = 0 (39)
pαpα = −1. (40)
For a given wave vector kµ there will be two linearly
independent polarization vectors pµ, which satisfy the
above conditions. Introducing fαβ in the field equations
(27) we obtain the expression that describes the states of
polarization, that is,
k2pµ = − 4
LF
[
LFFF
µαF νβ + LGG
∗
F
µα
∗
F
νβ
+ LFG
(
Fµα
∗
F
νβ+
∗
F
µαF νβ
)]
kαkβpν . (41)
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This equation must be solved using each solution of the
wave vector coming from equation (36) when the effective
metrics gµν± are used.
From the general expression of the energy-momentum
tensor for an electromagnetic theory L = L(F, G) we
have
Tµν = −4LF Fµα Fαν − (L−GLG) ηµν . (42)
The scale anomaly is given by the trace
T = 4 (−L+ F LF +GLG) . (43)
We can then re-write the effective geometry in a more
appealing form in terms of the energy momentum tensor,
that is,
gµν =M± ηµν +N± T µν , (44)
where the functionsM± and N± are given by
M± = LF +G (LFG +Ω±LGG) +
+
1
LF
(LFF +Ω±LFG) (L−GLG) , (45)
N± = 1
LF
(LFF +Ω±LFG) . (46)
As a consequence of this, the Minkowskian norm of the
propagation vector kµ reads
ηµνkµ kν = − N±M±T
µνkµkν . (47)
C. Exceptional Lagrangians
It seems worth noting that equation (37) contains a
remarkable result: the velocities of the photon are, in
general, doubled. There are some exceptional cases, how-
ever, for which the uniqueness of the path is guaranteed
by the equations of motion [13,14]. Such uniqueness oc-
curs for those dynamics described by Lagrangian L that
satisfy the condition
∆ = 0.
The most known example of such uniqueness for the
photon velocity in a nonlinear theory is the Born-Infeld
electrodynamics. Let us pause for a while in order to
make the following remark. In the case of the Born-
Infeld theory all quantities Ωi, i = 1, 2, 3 vanish iden-
tically. Hence, in this situation we cannot obtain the
effective geometry from equation (37). In this very ex-
ceptional case we proceed as follows. Let us return to
the original equation (28). Now, the Lagrangian for the
Born-Infeld model is provided by the expression
L =
√
b4 +
1
2
b2 F − 1
16
G2 − b2. (48)
Substituting this form of L into equation (28) we obtain
the unique characteristic equation
A
[(
b2 +
1
2
F
)
ηµν + FµλF
λν
]
kµ kν = 0, (49)
thus yielding (for A 6= 0)
gµν = (b2 +
1
2
F ) ηµν + FµλF
λν , (50)
which does not show birefringence. This formula was
obtained for the first time by Plebansky [3].
III. SOME REMARKABLE CONSEQUENCES
A. Electromagnetic traps
The possibility of writing the characteristic equation
for nonlinear electrodynamics in terms of an effective
modification of the spacetime metric has some unex-
pected and wide-ranging consequences. One of these con-
cerns to the existence of trapped photons in a compact
domain. Such a configuration is made possible due to
the nonlinearity of electrodynamics, and has a striking
resemblance to gravitational black holes, although not
presenting all properties of the latter.
We will concentrate here on a toy model, just to ex-
hibit the possibility of new phenomena induced by the
nonlinearities. The well known solution ηµνkµkν = 0,
that also appears in this case, will not be considered.
Let us start with a static and spherically symmetric field
for the case L = L(F ). The source is an electric monopole
located at the origin of the spherical coordinate system
(t, r, θ, ϕ). We set for the non-zero components of the
electromagnetic field the form
Ftr = E(r).
The equation of motion are easily solved, yielding
LF E =
Q
r2
. (51)
The corresponding effective geometry (14) is given by
gtt = − grr = LF − 4LFF E2, (52)
while the remaining non-zero components have values
proportional to those of Minkowski geometry,
gθθ = − 1
r2
LF , (53)
gϕϕ = − 1
r2 sin2 θ
LF . (54)
From equation (52) it follows that it is possible to en-
visage the existence of a region D defined by some finite
radius r = rc such that g
rr(rc) vanishes. The metric
5
component gtt also vanishes at D. Then, coordinates r
and t interchange their roles when crossing D, that is
gtt(r > rc) > 0, g
rr(r > rc) < 0, and g
tt(r < rc) < 0,
grr(r < rc) > 0. Let us note, however, that the existence
of such rc implies that there is a further undesirable con-
sequence concerning the value of the electric field. In-
deed, equation (51) yields
r
∂r
∂E
=
Q
2L2F E
2
grr. (55)
Thus it follows from this that, at D, there is a possibility
of the existence of a field barrier, that is a limitation of
the domain of its existence due to the possibility of the
inverse function r = r(E) to have an extremum. In order
to avoid such limitation of the domain of definition for
the electric field, the theory must be such that the second
derivative vanishes at rc, that is
∂ grr
∂ E
|D = 0.
Besides, one must impose the supplementary condition
∂2 grr
∂ E2
|D 6= 0.
Thus, if the theory L = L(F ) allows this kind of solution,
then three typical properties of a trapped region appear:
• There exists a null surface D, defined by r = rc in
the effective geometry.
• Coordinates t and r interchange their role when
crossing D.
• Light cones inside the region bounded by D are di-
rected towards the origin of the r-coordinate which
plays the role, in this domain and only for photon
propagation, of a time-like coordinate.
These theories should be further examined, since from
what we have seen above, they may be the germ of the
existence of the electromagnetic version of the gravita-
tional black hole. Let us now turn our examination to a
very similar situation inside material media.
B. Wave propagation in nonlinear dielectric media
It is possible to describe the wave propagation, gov-
erned by Maxwell electrodynamics, inside a dielectric,
in terms of a modification of the underlying spacetime
geometry using the framework developed above. The
electromagnetic field is represented by two antisymmetric
tensors, the electromagnetic field Fµν and the polariza-
tion Pµν . These tensors are decomposed, in the standard
way, into their corresponding electric and magnetic parts
as seen by an observer which moves with velocity vµ. We
can write:
Fµν = Eµ vν − Eν vµ + ηρσµν vρHσ, (56)
Pµν = Dµ vν −Dν vµ + ηρσµν vρBσ. (57)
Following Hadamard, we consider the discontinuities
on the fields as given by
[▽λEµ]Σ = kλ eµ,
[▽λDµ]Σ = kλ dµ,
[▽λHµ]Σ = kλ hµ,
[▽λBµ]Σ = kλ bµ. (58)
For the simplest linear case, in which we have
Dα = ǫ Eα, (59)
Bα =
Hα
µ
, (60)
it follows that
dα = ǫ eα, (61)
bα =
hα
µ
. (62)
After a straightforward calculation one obtains
kµ kν [γ
µν + (ǫ µ− 1)vµ vν ] = 0. (63)
Let us generalize this situation for the nonlinear case.
Maxwell equations are given by
∂ν
∗
Fµν = 0, (64)
∂ν Pµν = 0. (65)
For electrostatic fields inside isotropic dielectrics it fol-
lows that Pµν and Fµν are related by
Pµν = ǫ(E)Fµν . (66)
where ǫ is the electric susceptibility. In the general case,
for ǫ = ǫ (E) we simplify our calculation if we note that
we can relate the equation of wave propagation to the
previous analysis on vacuum polarization (7) by means
of the identification
LF −→ ǫ, (67)
which implies
LFF −→ − ǫ
′
4E
, (68)
in which ǫ′ ≡ d ǫ/dE. Therefore, the simple class of
effective Lagrangians (7) may be used as a convenient
description of Maxwell theory inside isotropic nonlinear
dielectric media; conversely, results obtained in the latter
6
context can as well be similarly restated in the former
one.
In a nonlinear dielectric medium the polarization in-
duced by an external electric field is described by ex-
pressing the scalar function ǫ as a power series in terms
of the field strength E:
ǫ = χ1 + χ2E + χ3E
2 + χ4E
3 + . . . (69)
where the constants χn are known as the n-order non-
linear optical susceptibility. Note that we are using the
standard convention [3] which relates χn with the expan-
sion of the polarization vector. For this case the effective
geometry is given by
gµν = ǫ ηµν +
ǫ′
E
FµαF
αν . (70)
It can also be re-written in the form
gµν = ǫ ηµν − ǫ
′
E
(
EµEν − E2 δµt δνt
)
, (71)
where E2 ≡ −EαEα > 0. In other words,
gtt = ǫ+ ǫ′E (72)
gij = − ǫ δij − ǫ
′
E
Ei Ej . (73)
This shows that the discontinuities of the electromag-
netic field inside a nonlinear dielectric medium propa-
gates along null cones of an effective geometry which
depends on the characteristics of the medium given by
equation (70). It seems worth investigating under what
conditions of the ǫ dependence on E a kind of horizon
barrier should appear for the photon inside a dielectric.
We will return to this problem elsewhere.
C. Photon path
From what we have learned above it follows that the
equation of motion of the photon in a nonlinear regime
is given by the variational principle
δ
∫
ds = 0, (74)
in which the fundamental length is constructed with the
effective metric, ds2 = gµν dx
µ dxν . For the particular
case which was examined in the previous section concern-
ing the static and spherically symmetric configuration it
becomes
δ
∫ (
gttt˙
2 + grrr˙
2 + gθθθ˙
2 + gϕϕϕ˙
2
)
ds = 0, (75)
in which a dot means derivative with respect to the fun-
damental lenght variable s. The equation for the angular
variable θ shows that we can choose conveniently the ini-
tial condition such that θ remains constant. From an
analogy with the planetary motion we set θ = π/2. The
corresponding equations of the remaining variables are
r2ϕ˙ = ho, (76)
gtt t˙ = Eo, (77)
where ho and Eo are constants of motion. It is rather
convenient to obtain the equation for r by making use of
the fact that we are dealing with a null curve, and set
gtt t˙
2 + grr r˙
2 + gϕϕ ϕ˙
2 = 0. (78)
Thus, using the above equations for the evolution of t, θ
and ϕ we obtain:
r˙2 = E2o − V (r), (79)
in which the potential V (r) takes the form
V (r) =
−E2o
g2tt
+
h2o
gtt r2
+ E2o . (80)
1. Circular orbits
The above set of equations allows the possibility of the
existence of circular orbits r = ro = constant for the
photon. In this case, it is sufficient for the value of the
tt−component for the effective metric at the point ro to
take the value
gtt(ro) =
1
l2
r2o , (81)
in which we have, for comparison with the planetary mo-
tion, defined the impact parameter l
.
= ho/Eo. It is a
rather simple and straightforward matter to show that
such orbits are unstable, as one should suspect.
IV. NON TRIVIAL VACUA
There have been some comments in the literature re-
garding a possible connection between the change of light
velocity in modified vacua and the scale anomaly. The
first one to speculate upon such a correlation was Shore
[2], and Dittrich and Gies [1] disproved, using the sum
over polarization states method, the existence of such
correlation for the case of a general Lagrangian L(F,G).
Using the method of the effective geometry we are able
to show that there is no deep correlation between the
existence of the velocity shifts induced by the nonlin-
ear quantum fluctuation and the scale anomaly. We will
consider this problem in a general framework. In other
words, let us analyze the photon velocity in an arbitrary
case, without specifying a particular theory. From what
we have learned above one could expect that the regime
of nonlinearity induced by the modification of the electro-
dynamic vacuum to be the sufficient condition to modify
the photon velocity. However, this is not true in general,
as it can be seen below.
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A. Conformal vacuum
An important example of modification of the action
occurs for the case in which the quantity N± vanishes.
In this case the net effect of this action on the photon ve-
locity is indistinct from the one produced by the classical
vacuum. Could this occur for the case in which T 6= 0?
This is answered by the following lemma.
Lemma A There exist nonlinear modifications of elec-
trodynamics which present a non identically null anomaly
such that the field discontinuities propagate along
Minkowskian paths.
The proof is immediate. From equation (44), the general
condition for such statement to hold is expressed by
LFF +Ω± LF G = 0. (82)
Any nonlinear action which satisfies this condition is such
that the photon propagation occurs in an effective geom-
etry gµν , which is conformal to the Minkowskian one.
In this theory, the photon presents the same light-cone
structure as it does in the linear Maxwell electrodynam-
ics. The important point to consider here is that this
situation occurs even in the presence of a non-vanishing
scale anomaly.
Inserting Ω± = −LFF/LFG from (82) into equation
(31) we obtain, after some algebra, the condition
(
LFFLGG − L2FG
) [
LFLFG +G
(
LFFLGG − L2FG
)]
= 0.
(83)
It remains to show that the spectrum of common solu-
tions of (82) and (83) does not imply T = 0. This can
be explicitly shown for the particular class of nonlinear
Lagrangians given by
L = −1
4
F + f(G), (84)
for which LFF = 0 and LFG = 0. The scale anomaly
(43) for the class shown in (84) takes the form
T = 4
(
G
∂ f
∂ G
− f
)
, (85)
which vanishes only if f(G) is a linear function of G. Ex-
pression (35) yields Ω+ = 0 and Ω− = 1/(4G∂
2f/∂ G2),
from which (45) givesM± = −1/4 andM± = 0, respec-
tively. The apparent singularity in (44) forM± = 0 can
be circumvented by carefully returning to the original
expression (27), which reduces in this case to
fµνkν =
2χ
G
∗
F
µνkν . (86)
It follows that ηµνkµkν = 0, thus adequately describing
both solutions associated with (84).
B. Non-anomalous vacuum
There is no better way to demonstrate the indepen-
dence of the concepts of light velocity modification and
the anomaly than to consider the converse situation of
Lemma A, for which there is no anomaly at all. This is
provided by the following
Lemma B In the absence of scale anomaly the effective
metric is not necessarily conformally flat.
Indeed, let us set
T = 0. (87)
From (43) it follows
L = F LF +GLG, (88)
which leads to
F LFF +GLGF = 0, (89)
and
GLGG + F LF G = 0. (90)
In order for the effective metric to be conformally flat
the Lagrangian should obey, besides the above relations,
the condition (82). Then, it is straightforward to show
that Lagrangians satisfying all these requirements must
satisfy the condition
LFF = 0. (91)
Hence, when there is no anomaly, the unique case
in which the effective geometry coincides with the
Minkowski one is the linear Maxwell theory. This prop-
erty allows us to conclude that in the framework of the
effective action there is no need for a scale anomaly
to induce light velocity shifts.
It remains to show that the spectrum of solutions of
equation (87) does not necessarily reduce to the linear
case. It is interesting to point out that not only one but
a particular set of nonlinear Lagrangians can be obtained.
Indeed, it is immediately shown that
L = Gf(F/G) (92)
satisfies equation (88) for arbitrary functions f(F/G).
C. Euler-Heisenberg vacuum
The effective action for electrodynamics due to one-
loop quantum corrections was calculated by Heisenberg
and Euler [15]. For the low-frequency limit ν ≪ mec2/h
the effective Lagrangian takes the form
L = −1
4
F +
µ
4
(
F 2 +
7
4
G2
)
, (93)
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with
µ
.
=
2
45
α2
(
h¯
me c
)3
1
me c2
, (94)
where α is the fine-structure constant.
The trace of the corresponding modified energy-
momentum tensor reads
T = µ
(
F 2 +
7
4
G2
)
. (95)
The coefficients M± and N± of the associated metric
tensor at the first order of approximation in µ constant
are:
M− = −1
4
+
µ
2
F (96)
M+ = −1
7
+
5µ
7
F (97)
N± = −2µ. (98)
We note that only in the case where both invariants F
and G vanish does the trace anomaly disappear. In this
case the above coefficients becomeM− = − 14 ,M+ = − 17
and N± = −2µ.
The effective geometries yield
gµν
−
=
(
− 1
4
+ µF
)
ηµν − 2µT µν (99)
gµν
+
=
(
− 1
7
+ µF
)
ηµν − 2µT µν. (100)
This implies that there exist two paths of light, one for
each polarization mode. In other words, birrefringence
effects are present in Euler-Heisenberg electromagnetism,
as it is well known in literature. From equation (47) we
can write the associated expressions for the wave vector
propagation:
k2− = −8µT µνkµkν (101)
k2+ = −14µT µνkµkν . (102)
Taking the average over polarization modes we obtain
the well known formula:
k2 = −11µT µνkµkν . (103)
V. CONCLUSION
From what we have learned in this paper we can state
that the propagation of discontinuities of electromagnetic
field in a nonlinear regime (as it occurs, for instance, in
dielectrics or in modified QED vacua) can be described
in terms of an effective modification of the Minkowskian
geometry of spacetime. Such interpretation is an imme-
diate consequence of the analysis we presented here. We
would like to point out that it is not impossible to en-
visage the case in which the characteristic surfaces along
which photons propagate, in nonlinear electrodynamics,
could appear as space-like hypersurfaces in Minkowski
spacetime. We will return to this question in a forth-
coming paper.
This description also allows us to recognize a striking
analogy between photon propagation in nonlinear elec-
trodynamics and its behavior in an external gravitational
field. For in both cases the geometry is modified by
a nonlinear process. It is clear that such analogy can
not be pushed very far, since in the gravitational case
the modified geometry is observed by any kind of matter
and energy (including gravitational energy — at least in
the general relativity theory7) and in the electromagnetic
case this modified geometry is observed only by the non-
linear photons. Moreover, we would like to stress that
we proved the existence of Minkowski geodesics at non-
vanishing scale anomaly and vice versa.
This analogy certainly deserves further examination,
since it may provide for the existence of an electromag-
netic analogue of the gravitational black hole, as was
shown.
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APPENDIX A: THE EFFECTIVE NULL
GEODESICS
The geometrical relevance of the effective geometry
(14) goes beyond its immediate definition. Indeed, as fol-
lows it will be shown that the integral curves of the vector
kν (i.e., the photons trajectories) are in fact geodesics. In
order to achieve this result it will be required an under-
lying Riemannian structure for the manifold associated
with the effective geometry. In other words this implies
a set of Levi-Civita connection coefficients Γαµν = Γ
α
νµ,
by means of which there exists a covariant differential
operator ∇λ (the covariant derivative) such that
7For the recent proposal of NDL theory of gravity [16] this
would not be the case.
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∇λgµν ≡ gµν ; λ ≡ gµν, λ + Γµσλgσν + Γνσλgσµ = 0.
(A1)
From (A1) it follows that the effective connection coef-
ficients are completely determined from the effective ge-
ometry by the usual Christoffel formula.
Contracting (A1) with kµkν results
kµkνg
µν
, λ = −2kµkνΓµσλgσν . (A2)
Differentiating (36) we have
2kµ, λkνg
µν + kµkνg
µν
, λ = 0. (A3)
Inserting (A2) for the last term on the left hand side of
(A3) we obtain
gµνkµ;λkν ≡ gµν (kµ, λ − Γσµλkσ) kν = 0. (A4)
As the propagation vector kµ = Σ, µ is an exact gradi-
ent one can write kµ; λ = kλ; µ. With this identity and
defining kµ
.
= gµνkν equation (A4) reads
kµ; λk
λ = 0, (A5)
which states that kµ is a geodesic vector. By remem-
bering it is also a null vector (with respect to the effec-
tive geometry gµν), it follows that its integral curves are
therefore null geodesics.
APPENDIX B: GENERALIZATION OF THE
RAINICH-WHEELER ALREADY UNIFIED
PROGRAM
We show a remarkable property of the class of nonlin-
ear theories which are free of anomaly. From the defini-
tion of Tµν in the case of two parameter Lagrangians we
have
Tµν = −4LF Fµα Fαν − (L−GLG) ηµν . (B1)
In the linear case it follows that the square Tµα T
αν of
this tensor is proportional to the identity matrix δνµ. This
square property was used by Rainich and Wheeler8 to set
a basis of an extension of the geometrization program be-
yond gravitational interaction, the so-called already uni-
fied program. It is important to remark that this prop-
erty no longer holds for a general nonlinear Lagrangian.
Indeed, a straightforward calculation gives
Tµα T
αν = mδνµ +
1
2
T T νµ , (B2)
in which m is given by
8See for instance [17,10].
m = L2F (F
2 +G2)− T
2
16
, (B3)
and the trace T
.
= Tαα takes the value
T = 4 (F LF +GLG − L) . (B4)
From expression (B2) it follows the interesting result that
the square property remains valid for the class of theories
which do not present scale anomaly.
We can thus state the Rainich-Wheeler conditions
Rµν R
να = 1
4
RληR
λη δαµ , (B5a)
R = 0, (B5b)
where R
.
= Rαα is the curvature Ricci scalar, and the
assumption that
(
Rµα;β η
αβρν Rµρ
) (
RǫλR
ǫλ
)− 1
(B5c)
is a gradient. It is straightforward to show that prop-
erty (B5c) holds also for the nonlinear case. Rµν is the
curvature Ricci tensor, which satisfies Einstein equations
Rµν − 1
2
Rgµν = −κTµν , (B6)
where κ is Einstein’s gravitational constant. Relations
(B5) hold for a general nonlinear electromagnetic theory
which does not present scale anomaly. If, in addition, the
theory is such that LF < 0 (that is, if the energy density
is positive definite), then
Rtt > 0. (B7)
Thus we conclude that Rainich-Wheeler conditions for
the already unified program characterize both linear and
nonlinear electromagnetic fields as the source of the given
gravitational field.
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